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KLEYN-FOK-QORDON TONLIYININ HULTEN POTENSIALLI SAHO UCUN ADI
RELYATIiVISTiK KVANT MEXANIKASINDA ANALITIK HOLLI

Xulasa

Bu mogalads Kleyn-Fok-Qordon tanliyinin Hiilten potensiali sahasinds analitik halli adi kvant
mexanikasi ¢orgivosinds aragdirilmisdir. Relyativistik skalyar hissaciklorin dinamikasini tasvir edon
Kleyn-Fok-Qordon tanliyi moarkazi tipli qisa moasafali potensiallarla qarsiliql tosir hallarinda xtisusi
maraq dogurur. Hiilten potensiali isa eksponensial azalan formaya malik olub, qisa masafali Kulon
potensialina yaxinlagsmasi vo bOylk mosafoda siirotlo sénmasi sebobindan atom, molekul va niiva
sistemlorinin modellosdirilmosinds genis tatbiq olunur. isds radial Kleyn-Fok-Qordon tonliyi sferik
koordinatlarda ayrilaraq Hiilten potensiali ticlin diferensial tonlik hiperqometrik tipli tonliys
gatirilmisdir. Uygun sorhad sortlori totbiq edilorok enerji spektri ligiin kvantlagsma sorti alds edilmis
Vo bagh hallar i¢lin enerji soviyyslorinin analitik ifadssi ¢ixarilmisdir. Dalga funksiyalarinin
normallagdirilmig formasi xiisusi funksiyalar vasitasilo ifads olunmusdur. Alinmis naticalarin tahlili
gOstarir ki, Hulten potensiali sahoasinds Kleyn-Fok-Qordon tonliyinin analitik halli sistemin enerji
spektrinds vo dalga funksiyalarinin strukturunda relyativistik tasirlorin aydin sokilda tozahiir etmasine
gotirib ¢ixarir. Enerji spektri yalniz potensialin parametrlorindan va kvant adadlarindan deyil,hom da
is1q stirati ¢ vasitasilo daxil olan relyativistik amillordon asili olur. Dalga funksiyalarinin miiqayisasi
gostorir ki, Kleyn-Fok-Qordon tonliyi ilo aldo olunan radial hallor Sredinger tonliyinin verdiyi
naticalordon misyyan daracads farglonir. Hissaciyin markazdan miayyan masafods olma ehtimalini
xarakterizo edon radial dalga funksiyasinin formasi vo maksimumunun yerlosdiyi noqto qgeyri-
relyativistik hala nisbaton bir godor doyiso bilor. Bu dayisikliklor xisusilo potensialin dorin oldugu
Vo qarsiligl tosirin daha gucli hiss edildiyi saholords daha aydin miisahido olunur. Belslikls, Hiilten
potensiali sahasindo Kleyn-Fok-Qordon tonliyinin analitik halli hom relyativistik tasirlorin
mahiyyatini aydinlagdirir, ham do geyri-relyativistik kvant mexanikasinin naticalari ilo nazori
ardicilliq vo limit kegidinin diizglinliiyli baximindan uygunluq niimayis etdirir. Bu iso modelin
molekulyar sistemlordo qisa moasafali qarsiliqli tasirlorin daha fundamental vo daqiq tosviri Ggln
olverisli nazori ¢orgivo oldugunu gostarir.

Acar sozlari: Kleyn-Fok-Qordon tonliyi, Hiilten potensiali, analitik hallor, enerji spekiri,
relyativistik kvant mexanikasi.
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Giris

Relyativistik kvant mexanikasi elementar  tonliklorindon  biridir.  Sredinger tonliyinin
hissaciklorin vo yiksok enerjili sistemlorin  ¢atismazliglari da var idi. Sredinger tonliyi
tosvirindo fundamental nozori baza toskil edir.  xususi  nisbilik  nozariyyasinin  toloblorini
Klassik geyri-relyativistik yanagsmalarin ~ 0domir. O, lorens cevrilmalorino nozaron
mohdud oldugu hallarda relyativistik dalga  invariant deyildir. Toniya zamana goro birinci
tonliklori fundamental rol oynayir. Bu sahado  tortibdon, koordinatlara goro ikinci tortibdon
Kleyn—Fok—Qordon tanliyi spini 0 olan skalyar  toromolor daxil olur. Demoli, Sredinger
hissaciklarin harokatini tosvir edon osas dalga  nozoriyyasi «+ <« ¢ halinda fiziki hadisalorin
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Kleyn-Fok-Qordon tanliyinin
Hulten potensiall: saha iigiin adi
relyativistik kvant mexanikasinda

analitik halli

tosviri Uglin totbig oluna bilir. Qeyri-relyativistik
kvant mexanikasinda dinamik sistemi hartorofli
xarakteriza edon tonlik geyri-stasionar hal Ggln
Sredinger tonliyidir vo bu tonlik asagidaki kimi
toyin olunur:

oyY(r,t .
/LhM = H(r,t )Y(r,t)
at
H- sistemin Hamilton operatorudur,

Y(r, t)- sistemin dalga funksiyasidir. Qeyri-
relyativistik  kvant mexanikasi, cisimlorin
stratlari is1q siirating nisbaton ¢ox Kigik oldugda
(v K ¢) totbig olunur. Qeyri-relyativistik kvant
mexanikasinda enerji diskretlosir, yoni zarracik
yalniz miioyyoan enerji saviyyslorindo moévcud

molumatlart vermok imkani yoxdur. Ona gorada
bozi proseslords iss artiq sirf relyativistik dalga
tonliklorinin arasdirilmasi va hall olunmasi tolob
olunur.

Relyativistik kvant mexanikasi, cisimlarin
slratlori isiq stiratine yaximn olduqda ( v ~c)
totbiq olunur. Relyativistik kvant mexanikasi-
nin asas tonliklari Kleyn-Fok-Qordon tanliyi va
Dirak tonliyi hesab olunur.

Kleyn—-Fok—Qordon  xususi  nishilik
nozoriyyasi ilo kvant mexanikasinin prinsiplarini
birlosdirarak enerji—impuls slagssinin operator
formasindan olds edilir. Nisbilik nozariyyasinin
toloblorini 6dayoan yoni lorens cevrilmalaring
g0ra invariant tonlik almaq ugiin enerji, impuls
Vo Kkitlo arasindaki nisbilik nozariyyasindon

ola bilor. Yalmz qeyri-relyativistik dalga  alman  miinasibatdon  istifado  edilorok
tonliklorinin hallori  sistem haqqinda biitin ~ tapilmigdir.
22
p
E=a—+V
gm0
p - p= —ihV
E > E=ih2
at
E =./c?p? + mic*

Uygun avazlomaloari nazars alsaq,

0
fih% = J—c2h2V2+m§c4‘ Y

Lakin, operatorun kvadrat kokinun na
demoak oldugunu bilavasito bilmadiyimiz tgun,
bu ifadanin hor iki torofini kvadrata yiiksaldok.

Bu amoaliyyat riyazi ndgteyi nozardon tam tayin
olunmus tonliya gatirir.

_p2 % —c?h2V2%Y + micty
a 0

( 2

Burada, ¢ — isiq surati, h —
Plank sabitidir. Bu tonlik sorbast zorrocik
ucun Kleyn-Fok-Qordon tonliyidir. Spini sifir
olan zarraciklorin relyativistik dalga tonliyidir.
Bu tonlik kompozit hissaciklar tiglin nozari tasvir
verir. Bu hissociklora  pionlar, mezonlar,
kaonlar, Higgs bozonu va s aiddir. Qeyri-

d
thZVZ - hzﬁ -

m?,c‘*) Y =0

relyativistik limitdo Sredinger tonliyina kegir.
Kleyn-Fok-Qordon tonliyi zamana vo fozaya
goro ikinci tortib xlsusi téromali diferensial
tonlikdir. Kvant saha nazariyyasinds bozonlarin
davranigini tosvir edir. Bu tonliyi relyativistik
invariant sokilds yazmaq Uctin 4 6l¢ilu vektor-
operator daxil edak:

Xy = gux¥ = (ct,—7)

o\
(a(ct)_ V) - PoP

=ih—=4ih
axﬂ
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Onda Kleyn-Fok—Qordon tonliyini asagidaki formada yaza bilorik:

PHD = mic*yp
(B"Pp — mgc )P =0

Vaovya:
m2c?
(p+=)w=0
1 92
D= Eryei A — Dalamber operatorudur

Bilavasito KFQ tonliyinin Lorens  klassik dalga tonliyi kimi baxa bilorik. Bu
invariant oldugunu gostoro bilorik, yoni p#p, -  tonliyin  sorbest holli  asagidaki  formada
lorens invariantidir. O, biri tonlikde kiitlo  olacaqdir:

.. m?c? .
hoaddinin = daxil olmasini nazors almagla

P =exp(—ipat) = exp[- 2 (pox° - pT)| = exp [t BT — Et)|
Misyyan avazlomalari nazars alsaq,
TS 2.2 i 2.2 1 2.2
PFoup = mc*yY - ppyexp (— gpux“) = m°cexp (— gp#x“).p“pu =m’c

ifadasini alariq.

Vaoya
E? > 5 2.2
c_2 —pp=m-c
+ -
E = _\m2c*+c?p?
Beloliklo, KFQ tonliyinin iki halli, E =  hall antizorrociyi tosvir edir. 4- 6l¢uliu coroyan
+c¢ (m?c? + p%)Y/2 miishot enerjiyo uygun holl  sixhiginn j, askar ifadosini tapmagq ifadesindon
vo E=—c(@m?c?+p*)Y? meonfi enerjiyo istifads edok:

uygun hallor mévcuddur. Manfi enerjiys uygun
@ pp — m?c?)P =0 (1)
Bu ifadadon kompleks qosma alaq:
B Py — m*c?)P =0 (2)
(1) ifadasini soldan *-a, (2) ifadasini ise sagdan y-o vurub toraf-torofs ¢ixsaq, onda:

Y (PP — mPcY — P (@Hp, — mPcP)PT =0
Vaoya
— " (A?V, V¢ + m2c?) + ¢ (K27, V* + m?c?)yY* = 0
Buradan da,
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V.V — pVHyY™) = [, jk = 0

4- ol¢ull corayan sixhig j, asagidaki formada toyin olunur:

i = g WV = YT*)

(w5 = w50)] = div (

5]

at

ih
2mc?

ih

|

2m

Bu tonlik bilavasito kasilmazlik tanliyidir.

Y ¥y - iy =0

ap T
§+dlv]—0

Xarici potensial sahasi mdvcud oldugda
Kleyn—Fok—Qordon tonliyi mivafig sokilds
modifikasiya edilir. Morkozi simmetriyaya
malik  potensiallar  G¢un  tonlik  sferik
koordinatlarda dayisonlorin ayrilmasi tsulu ilo
radial va bucaq hissalorine boltndr. Bu iss bagl

hallar Gglin  enerji  spektrinin  vo dalga
funksiyalarinin analitik sokildo tapilmasina
imkan verir.

Potensial modellorin secimi fiziki sistemin
real davranisinin adekvat tosviri baximindan
holledici shamiyyoto malikdir. Sads harmonik
osilyator va ya Kulon tipli potensiallar bir ¢ox
fundamental noticalor versa do, real molekulyar
Vo atomalt1 sistemlorin geyri-xotti tobiatini tam
oks etdirmir. Bu sababdon molekulyar vibrasiya-
larm  vo baglanmis hallarin  modellosdiril-
mosindo daha real potensiallara ehtiyac yaranir.
Bu kontekstdos Hiilten potensial1 xiisusi yer tutur.
Hilten potensiali tgiin  Kleyn—Fok—Qordon
tonliyinin  hallorindo  spektrin  sonlu sayda
baglanmig hallara malik olmasi, eloco do
relyativistik diizalislor sabobindon geyri-barabar
soviyys paylanmasi miisahido olunur. Bu iso
klassik geyri-relyativistik modellorlo migayise-
do daha mirokkab va zangin spektral qurulusun
formalagmasina gotirib ¢ixarir. MJ&vzunun
aktualligr ham da onun muasir elmi va texnoloji
totbiglori  ilo  baghdir. Yiiksok doqiglikli
spektroskopiya, molekulyar fizika, nanostruk-
turlarin  kvant modellori vo effektiv saho
nozariyyalori kimi sahalords relyativistik tosir-
lorin nozoro alinmasi getdikco daha boyuk
ohomiyyat kasb edir. Bu kontekstdo Kleyn—Fok—
Qordon tonliyinin Morze potensiali {glin
analitik hallarinin  spektral xlsusiyyatlorinin
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sistemli sokilda Oyranilmasi mdvcud modellarin
tokmillagdirilmasine vo yeni nozori yanasma-
larin formalasdirilmasina sorait yaradir.

Hiilten potensiali — qisa mosafali ekspo-
nensial tipli potensialdir. Kvant mexanikasinda
qisa moasafali qarsiligh tasirlori modellosdirmok
Uclin istifado olunan potensialdir. Bu potensial
kicmosafalordos Kulon potensialina banzoyir.
Lakin, boyuk mosafodo eksponensial sokildo
azalir. Asagidaki kimi ifads olunur:

Voe—6T

1—e— 6T

V(ir)=-

Burada, V,- potensialin dorinliyi, § —
ckranlasma parametri, yoni mosafo artdiqca
potensialin neco SsOnacayini gostorir. r iso
hissaciklor arasinda radial mosafadir.

Bu potensialin osas Xxisusiyyoti ondan
ibaratdir ki, » = 0 limitindo Kulon potensialina
yaxinlagir, r — oo limitindo iso eksponensial
sokilda sifira gedir. Kulon potensialinda sonsuz
sayda enerji Saviyyesi var, amma Hilten
potensialinda yalniz miisyysn sayda bagli hal
movcuddur. Bu da onu real sistemlardoki qisa
mosafali qarsiliqli tasirlor G¢iin daha realist edir.
Mohz bu xisusiyyatlorina gérs Hiilten potensiali
atom, molekul va nilvs fizikasinda effektiv
model potensial kimi genis istifads edilir.

Adi kvant mexanikasinda Srodinger
tonliyi {i¢lin Hiilten potensialinin analitik halli
movecuddur vo enerji saviyyalari daqiq sokildo
tapila bilir. Lakin relyativistik halda, xiisusilo
Klein—Fok—Qordon tanliyi dcin analitik hall
daha mirokkabdir vo xiisusi riyazi metodlarin
totbigini tolob edir. Bu baximdan, belo bir
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problemin analitik halli hom riyazi, hom do fiziki Beloliklo, bu mdvzunun arasdirilmasi
cohatdon mihiim shamiyyat kasb edir. relyativistik kvant mexanikasinin asas problem-

Hazirki isin moagsadi Klein—Fok—Qordon  larindan birina — real potensiallar Gg¢lin dagiq va
tonliyinin Hiilten potensiali sahasinds radial  analitik hallorin alds edilmasine — ydnalmisdir.
hissasinin analitik hallini oldo etmok, enerji  Giris hissasinds vurgulanan nozari vo tatbiqi
spektrini ¢ixarmaq vo dalga funksiyalarimin agiq ~ aspektlor gostorir ki, Kleyn—Fok—Qordon tanli-
formasini miiayyan etmokdir. Bundan olave,  yinin Morze potensiali kontekstindo spektral
geyri-relyativistik haddin arasdirilmasi yolu ilo  xususiyyatlorinin tohlili miiasir fizikanin aktual
alinmig naticalorin  Sredinger tonliyi ilo  problemlari sirasinda yer alir vo golocok tadqi-
uygunlugu  gostorilocokdir. Bu yanasma  gatlar i¢iin mohkom elmi baza yaradir.
relyativistik kvant sistemlorinin qisa mosafali

potensiallar altinda davranisini daha doarindon Tanhlil:
anlamaga imkan verir vo molekulyar fizika Relyativistik skalyar hissaciyin xarici
sahasinds totbiqi baximindan aktualdir. potensial sahasindo  davranist  Kleyn—Fok—

Qordon tonliyi ilo tasvir olunur. Birdlcull halda
bu tonlik asagidaki formaya malikdir: [1, s. 88].

[dxz hzcz (E V(x))z m2C4)] lP(X) =0 (l)

Kleyn-Fok- Qordon tonliyini Hilten  tobistli Hiilten potensiali vo skalyar tobiotli
potensialli sahodo holl etmok ii¢iin Hiilten  Hiilten potensiali [4]. Bu potensiallar asagidaki

potensialini iki toplanana ayiririq [2,3]. Vektor  formada toyin olunurlar [5,6]:
Voe—6r

v =-25 @
S(r)=-

Soe -or

1-e~8

(3) Sferik koordinatlarda skalyar S(r) va vektor V (') potensiallari iigiin Kleyn-Fok-Qordon
tonliyi asagidaki formadadir:

[-v2 + (M +5(r,0))°|w(r,6,0) = [E =V 0)*%(r,6,0) (4)

Burada, E- nuklon enerjisinin relyativistik enerjisi, M- nuklon sisteminin kutlosi, 8 — polyar
bucaq, ¢- azimutal bucaq, - Plank sabitidir.

2 -~
z_ii( 21) Voo _ _
%= =5\ T 5, ) Vo bucaq " 7

"z_ii( 21)_ L?
v T r2or r or h2r2 (5)

Laplas A operatoru radial oldugundan, (4) tonliyinin halli sferik koordinat sisteminds stasionar
halda

¥(r,6,0) =220(8)e™ ; m = 0,41,42,43,... (6)

soklinda axtarila bilar [126]. (6) ifadasini (4) Kleyn-Fok-Qordon tonliyinds nozars alsaq onda
radial Kleyn-Fok-Qordon tonliyini agagidaki formada yazariq:
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B Kleyn-Fok-Qordon tanliyinin

/ - Hiilten potensialli saha iigiin ad:
[ m relyativistik kvant mexanikasinda
A. 9. 9OHMODOV analitik halli

l(l+ 1)

X(r)l(Ez M?) = 2(MS(r) + EV(r) + (V2(r) = $*() - l M=0 7

Magsadimiz (7) tonliyini hiperhandasi tonlik formasina gatirmakdir [7]:

(MSy + EV,y)e™ %" (V¢ —S3e 20T\ 1(1+1)

=0 (8
Bu mogsadls bazi avazlomolor daxil edilir:

Wz =52 2EV, + 2MS, 56 —V§ _sr

E=——F7—",a= lﬁ= 5 S =¢€ (9)
d _dsd __ o, d__ d 0
dr  drds ¢ ds Sds (10)
dz_(dsd)(dsd)_ 5 d( 5 d)—62 d+622d2 ”
drz \drds/\dras) =~ "% ds Sas) T % % ds S ds? (D

(11) ifadasini (9) tonliyinda nazars alsaq, onda alariq:

5252 y(s) + 52 i |oezgr y GO0 BT pyst]e, e
S5+ 8% 1 (5) + | =€287 + S = oy — L+ D87 |G+ o | 109
=0
Vaoya
) x(s) _f a? B? _l(l+1) s _
X (S) + s + l + s(1-s) 5(1 5)2 [CO —s)z]l )((S) =0

—s 1
x7(s) +x(s) (1 9t ea a9

X [—e2(1 =52+ a?s(1—s) — %52 —1(1+ 1)Co(1 = 5)?> = I(L + D)s]x(s) = 0 (12)

(12) tonliyi ilo hiperhondasi tip tonliyin mlgayisasindan

Vektor potensialinin skalyar potensialindan forgli oldugu timumi hall iig¢iin enerji spektrini
asagidaki formada yazmaq olar:

2
a —/'l———n(n+1) (2n+1) ,—+[)’2+/1
(M? —E?) = ] —1(1+1)8C, (13)

2n+1+2 f—+B2+/1

Ogor V, — vektor potensial Sy — skalyar potensiala barabar olarsa, V, = Sy, onda § =0
olur, yani:
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2
a?-A-E-n(n+1)-(2n+1) ,l+ﬁ2+l
(M? —E?) = : 2 s| =1+ 1Ds¢, =

2n+1+2 /%+l(l+1)

laz —A—%—n(n+ 1)-(2n+ 1)(l+%)

2n+1+2(l+%)

2
5] — (L + 1)8C, (14)

Ogor V(r) = —S(r) olarsa onda enerji spektri agagidaki formada tayin edilir:

2
a?—A-E—n(n+1)—-(2n+1) ,l+l
(M? —E?) = : L8| -1+ 168C, =

2n+1+2 /%+l(l+1)

_ [ a? _ (n+1+1)?
T l2(n+1+D) 2

]2 .82 — (L + 1)62C, (15)

Burada, = 0, amma a'? # a? va asagidaki formada toyin olunur:

o = J2Vo(E-M) (16)

9

Sferik simmetriyaya gors yazsaq:

Y(r,0,9) = R(r)Yim(0,9)
EZYlm =1+ 1Yy

Radial tonlik:

L)y [E-v?-m -2 R =0

r2dr r
Ovazetma etsok:
u(r)
R(T) = T
Naticads,

d? 1(1+1)
d—rlzl+[(E—V(r))2—m2— ¢ . ]u=0

T

u(r)—reduksiya olunmus radial dalga funksiyasi
Tam dalga funksiyasi:

Ynim (.9, §0) = %unl (MY (6, 9)

Hiilten potensiali ils enerji spektri:
Radial Kleyn-Fok-Qordon tenliyi agagidaki formada hiperqometrik tonliys gevrilir:

d?R(s) 1-s dR(s) 1
ds? s(1-s) ds 5252(1-5)2

2 2
[(E +V, 1%5) —m?c* — h?%c? @] R(s)=0

Burada doyison s=e~%" gétiiriilmiisdiir. Kvantlasma sorti naticesindo enerji saviyyslori belo

tapilir:
2
iy 1 1 1 I(l+ 1)h%c%62
E, =—+= [VZ+ 4h%c%65° = -
m =5t Y0 tanc n+2+\ﬁ+ (E,;, + mc?)?
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n—bas kvant ododi
I- orbital kvant adadi
Bu enerji ifadssi tam analitikdir.

Natica

Aparilmis todqiqat Hiilten potensialli
sahado Kleyn-Fok-Qordon tonliyinin analitik
hallinin dyranilmasina hasr olunmusdur. Tam
analiz ticlin V(r) vector potensialin S(r) skalyar
potensiala barabar oldugu V(r)= S(r) halda tam
Oyronilmisdir. Bu halda Kleyn-Fok-Qordon
tonliyi 2 -V(r) potensiali  liciin  Sredinger
tonliyina cevrilir vo bu da [105] isindaki natica
ilo eynilik toskil edir. Bu bdlmoado Hulten
potensiali {ligiin modifio olunmus Kleyn-Fok-
Qordon tonliyi adi kvant mexanikasinda
Nikivorov-Uvarov metodunu totbiq etmokls
analitik formada hall edilmisdir. Orbital kvant
odadinin ixtiyari qiymotlori gln zarraciyin
enerji spektrini tosvir edon analitik ifado
alinmigdir. Gostorilmisdir ki, enerji  spektri
orbital vo radial kvant odadlorindon ciddi
asilidir. Hiilten potensialli sahs tiglin Kleyn-Fok-
Qordon tonliyini kvant mexanikasinda orbital
kvant odadinin ixtiyari giymatlorinds, Hilten
potensiali skalyar vo vektor potensiallardan
toskil olundugu halda vo onlarin miixtolif
kombinasiyalar1 ticlin analitik holl edarok ener-
jinin - moxsusi  giymatinin  vo  moaxsusi
funksiyasinin analitik ifadolori tapilmis vo
relyativistik  hollordon  geyri- relyativistik
hollorin alinmasi gostorilmisdir
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Summary

In this article, the analytical solution of the Klein-Fock-Gordon equation in the Hilten potential
domain is investigated within the framework of ordinary quantum mechanics. The Klein-Fock-
Gordon equation, which describes the dynamics of relativistic scalar particles, is of particular interest
in the case of interactions with short-range potentials of the central type. The Hlten potential, on the
other hand, has an exponentially decreasing form and is widely used in modeling atomic, molecular,
and nuclear systems due to its approximation to the short-range Coulomb potential and its rapid decay
at large distances. In this work, the radial Klein-Fock-Gordon equation is separated in spherical
coordinates and the differential equation for the Hilten potential is reduced to a hypergeometric type
equation. By applying the appropriate boundary conditions, the quantization condition for the energy
spectrum is obtained and the analytical expression of the energy levels for the bound states is derived.
The normalized form of the wave functions is expressed by means of special functions. Analysis of
the obtained results shows that the analytical solution of the Klein-Fock-Gordon equation in the
Hulten potential leads to a clear manifestation of relativistic effects in the energy spectrum of the
system and the structure of the wave functions. The energy spectrum depends not only on the
parameters and quantum numbers of the potential, but also on relativistic factors introduced through
the speed of light c. A comparison of the wave functions shows that the radial solutions obtained by
the Klein-Fock-Gordon equation differ somewhat from those obtained by the Schrédinger equation.
The shape and maximum of the radial wave function, which characterizes the probability of a particle
being at a certain distance from the center, may change slightly compared to the non-relativistic case.
These changes are especially noticeable in regions where the potential is deep and the interaction is
stronger. Thus, the analytical solution of the Klein-Fock-Gordon equation in the Hulten potential field
both clarifies the nature of relativistic effects and demonstrates agreement with the results of non-
relativistic quantum mechanics in terms of theoretical consistency and accuracy of the limit transition.
This indicates that the model is a suitable theoretical framework for a more fundamental and accurate
description of short-range interactions in molecular systems.

Keywords: Klein-Fock-Gordon equation, Hulten potential, analytical solutions, energy
spectrum, relativistic quantum mechanics.

Araamu Aam AXMEJOB
Maructp, Cymrautckuii ['ocygapcTBeHHBI Y HUBEPCUTET

AHAJUTUYECKOE PEIIEHUE YPABHEHUS KJIEI7IH§-(I)OKA-FOPILOHA JJIs1
MOJISI C HOTEHIIUAJIOM XIOJIbTEHA B OBBIYHOM PEJISITUBUCTCKOM
KBAHTOBOM MEXAHUKE

Pesrome

B nanHOll cTaThe B pamMKkax OOBIYHON KBAaHTOBOM MEXaHHUKH HMCCIEAYETCS aHaJIUTHUYECKOe
peumienue ypaBHenust KieitHa-®doxka-I'opgona B obnactu moreHiuana XronbTeHA. YpaBHEHHE
Kinelina-®oxka-I'opnona, omnuceBaromee JIWHAMHUKY PEIATHBUCTCKUX  CKaJsAPHBIX  YacTHL,
NpeJCTaBIsieT ocoOblii WHTEpeC B Clydyae B3aMMOJACHCTBHM C  KOPOTKOJAEHCTBYIOUIMMHU
MOTEeHIMalaMi LeHTpanbHOro TtHna. Ilotenmman XronpTeHa, ¢ Jpyroil CTOPOHBI, HMMEET
HKCHOHEHIMAJIBHO YOBIBAIOILIYI0 (POPMY M IIMPOKO HMCIIONIB3YETCs MPU MOJEIUPOBAHUU aTOMHBIX,
MOJIEKYJISIPHBIX M SJEPHBIX CHCTEM OJarojapsi CBOeMy MPHUOIMKEHHIO K KOPOTKOAECHCTBYIOLIEMY
KYJIOHOBCKOMY TOTEHLIAy ¥ OBICTPOMY 3aTyXaHHIO Ha OOJBIINX paccTOSIHUAX. B naHHO# pabore
pagnanpHOoe ypaBHeHHe KineitHa-doka-I'opmona paszpensercs Ha chepUUYECKHE KOOPAWHATHI, a
middepeHanbHOe  ypaBHEHHE Uil MOTeHUuana XIOJbTEHAa CBOJAUTCA K  YPaBHEHHUIO
TUIIEPreOMETPUYECKOro TUmna. [IpuMeHss COOTBETCTBYIOIME TIpPaHUYHBIE YCIOBHS, IOJIy4aeM
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Kleyn-Fok-Qordon tanliyinin
/ ‘- Huilten potensialli saha iigiin adl
u‘ m " relyativistik kvant mexanikasinda

A. 9. oHMIDOV analitik halli

YCIIOBUE KBAaHTOBAaHUSl SHEPreTUYECKOI'O CIIEKTpa M BBIBOJUTCS AHAIUTUYECKOE BBIPAKEHUE IJIf
YpPOBHEH DSHEpPruu CBSI3aHHBIX cocTosHUU. HopmanuzoBanHas @opma BOJHOBBIX (PYHKIIHA
BBIPA)KAETCSI C TOMOIILBIO CIIEUATBHBIX (YHKIMNA. AHATU3 MOJIyYEHHBIX PE3yJIbTaTOB ITOKA3bIBAET,
YTO aHAJIUTHYECKOe penieHue ypaBHeHus KieitnHa-®@oka-I'opaona B mnoTeHnuane XroJabTeHA
MPUBOAUT K SIBHOMY HPOSIBIICHUIO PEISTUBUCTCKUX A(PPEKTOB B SHEPTETUIECKOM CIIEKTPE CUCTEMBI
U CTPYKTYpPE BOJHOBBIX (PYHKIMHA. DHEPreTUYECKUI CHEKTP 3aBUCHUT HE TOJILKO OT MapaMeTpoB U
KBAaHTOBBIX YHCEJ MOTCHIIMAJIA, HO M OT PENIATUBUCTCKUX (PAKTOPOB, BBOJUMBIX CKOPOCTBIO CBETA C.
CpaBHeHHE BOJHOBBIX (YHKIMI MOKA3bIBAET, YTO PaUaIbHbIC PELICHUS, TOTYYEHHBIE C TOMOIIbIO
ypaBHeHus Kieitna-®@oka-I'op10Ha, HECKOJIBKO OTJIIMYAOTCA OT PELICHHH, IOJYYEHHBIX C TOMOIBIO
ypaBuenus Lpénunrepa. DopMa 1 MaKCUMyM paJHalibHOM BOJIHOBOM (DYHKIIMU, XapaKTepU3YIOLIeH
BEPOATHOCTb HAXOXKJIEHUS YacTUIbl Ha OINPENEIEHHOM pPAcCTOSSHUM OT IIEHTpa, MOIYT
HE3HAUYUTEJIbHO M3MEHATHCS [0 CPAaBHEHHIO C HEPENIATUBUCTCKUM CIy4aeM. OTH HU3MEHEHHUs
0cOOEHHO 3aMeTHBI B 00JACTAX, T€ MOTCHUIMAI TIyOOKWI M B3aUMOJCHCTBUE CHIIbHEe. Takum
oOpa3om, aHanuTudeckoe perieHue ypaBHeHus Kieiina-®doxka-I'opjoHa B MOTEHIMAIBLHOM I10JIE
XionbTeHa TMPOSICHSIET MPUPOIY PENATUBUCTCKUX O(P(PEKTOB M JEMOHCTPHUPYET Corjacue c
pe3ysbTaTaMu  HEPEISTUBUCTCKOM KBAaHTOBOM MEXaHMKM C TOYKM 3PEHHSI TEOPETUUYECKOU
COIIACOBAHHOCTU U TOYHOCTH IPEAEIBHOTO MEPEX0Aa. ITO YKa3bIBACT HA TO, YTO MOAEID SIBIISETCS
MOJIXOASAIIEH TEOPETHYECKOM OCHOBOM Juia Oosee (hyHIaMEHTAIbHOIO W TOYHOTO OIMUCAHHUS
KOPOTKOACHCTBYIOUIMX B3aUMOACHCTBUN B MOJIEKYJISIPHBIX CHCTEMaX.

KuaroueBsle cioBa:  ypaBHeHue KneiliHa-Qoka-I'opmoHa, mnoreHmuan — XIOJIbTEHA,
AHATMTUYECKUE PEILICHUS], SHEPTETUUECKUI CIIEKTp, PEISTUBUCTCKAsE KBAHTOBAsI MEXaHHUKA.
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